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In this research, two actuation systems were introduced, inertial and magnetic actuation.
In the inertial actuation, the robot used the transfer of momentum to navigate, and this
momentum could be generated by spinning masses and wheels. Recent studies in our System
Laboratory proved that a wide range of inertially actuated locomotion systems could be
generated. This can be achieved by using a family tree approach, starting from a very simple
system, and progressively evolving it to more complex ones. The motion diversity of these
robots inspired us to extend their locomotion from a macro scale to millimeter and micro
scales. This dissertation was devoted to studying the control and locomotion of inertially
and magnetically actuated multi-scale robotic systems. Three different robotic scales were
presented: macro robot, millirobot, and microrobot. The work was significant because it
showed that the agility and maneuverability of motion modes generated by inertial actuation
could also be generated by magnetic actuation for smaller-scale robotic systems.
We first introduced the wheeled baton robot, which is an inertially-actuated car-like
robot. The main advantage of this robot was that it could function in a simple wheeled
vehicle mode as well as many other dynamic modes. Inertial actuation enabled the robot
to perform high mobility maneuvers and in-air acrobatics. A mathematical model was de-
veloped, and different modes of motion of the system were identified, and the equations
of motion were derived. Then, a modal transition flow diagram was presented based on
the actuation torques. We designed a nonlinear tracking controller to regulate the control
variables to implement the described modes of motion. Finally, we designed and built an
iv
experimental prototype to verify the existence of the locomotion modes. We demonstrated
experimentally that a simple car-like robot could generate several locomotion modes.
An external magnetic field can be used in remotely controlling magnetic millirobots and
microrobots, making them promising candidates for biomedical and engineering applications,
including cell manipulation and therapy. This work presented a low-cost millirobot that was
simple in design, easy to fabricate, highly scalable, and can be used as modular sub-units
within complex structures for large-scale manipulation. Individual millirobots were highly
agile and capable of performing a variety of locomotive tasks such as pivot walking, tapping,
and tumbling. A comparative study was presented to demonstrate the advantages and dis-
advantages of each locomotion mode. Our experimental data showed that the pivot walking
was the fastest and the most stable of the motion modes examined. Further, we focused
on the pivot walking mode, and a mathematical model of the system was developed, and
the kinematic model was derived. We proposed two controllers to regulate the gait of the
pivot walker. The first one was a proportional-geometric controller. The second controller
was based on a gradient descent optimization technique. These control algorithms enabled
the robot to generate stable gait while tracking a desired trajectory. Using simulations,
the robustness of proposed controllers was established for different sweep angles. The two
controllers exhibited excellent performance. Finally, to extend the functionality of our mil-
lirobots, we presented two systems utilizing multiple millirobots combined: a stag beetle and
a carbot. Using a powerful electromagnetic coil system, we conducted extensive experiments
to establish feasibility and practical utility of the magnetically actuated millirobot.
Following the successful magnetically actuated millirobot, we extended this research to
a micro-scale. We presented a teleoperation scheme to control magnetically actuated mi-
crorobots. The system was developed to allow human operators to control the motion for
magnetically actuated microrobots and feel their interactions with the environment. A hap-
tic interface constituted the core of the teleoperation system. It was used to provide the
operator with force feedback to control the microrobots. In particular, virtual interaction
forces were computed and transmitted to the human operators to guide them in performing
v
path following tasks. The operating field of the microrobots was haptically rendered to avoid
contacts with obstacles. Finally, a basic set of experimental trials were conducted, demon-
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walks forward, changes its direction, and then walks inside the maze.
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switching between the proposed modes of motion based on the space of
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Magnetically Actuated Simple Millirobots for Complex Navigation and Modular Assembly
1.1. Introduction
Untethered robots, miniaturized to the millimeter scale, have a promising future in
biomedical and engineering applications due to their design simplicity, scalability, diverse
locomotive techniques, and control flexibility during different manipulative tasks. Over the
last few decades, advances in research at the millimeter and smaller length scales have
brought great interest in the development of untethered locomotive devices [52]. In mil-
lirobots, untethered components have dimensions as small as 1 mm and macroscale forces,
such as bulk inertia forces, dominate their mechanics [151]. Therefore, the design and im-
plementation of different locomotive techniques for millibots are important for their success
in real world applications.
Over the last few decades, several research projects have been carried out at meso or
smaller length scales to achieve bio-inspired locomotive techniques such as crawling [67,120,
137], running [69], walking through slip-stick motion [118,119], helical screw propulsion [110,
112,133,135], swimming [25,36,118], rolling [70,84,165], snake-like motion [93], and tumbling
[18, 85, 131]. However, many of these robots have limitations in fabrication, control, and
miniaturization to access confined regions, as their motion modes have been dependent on
the complex structure and frictional forces of surrounding external surfaces. Pivot walking,
tapping, galloping, dragging, hopping, and bouncing are some surface locomotion modes
that have been achieved at the macro-scale in several investigations [57,87,89,140,159,161,
163,184,185]. However, those have been impulsive or inertially actuated macro-scale robots
and limited in scalability, power, and control using complex on-board circuitry.
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The development of a magnetic stereotaxis system [116], to explore untethered actuation,
advanced the principles of millirobot actuation. Since then, magnetic actuation has been a
viable wireless control method over small-scale robots [35, 37, 92]. Mahoney et al. [110, 112]
investigated different magnetic control techniques to actuate an untethered magnetic tool;
while their investigation could develop different global and local magnetic control methods,
their robot was limited to the locomotion of rolling or helical screw propulsion. Kim et
al. [93] developed a snake-like motion mechanism using a three-axis Helmholtz coil system.
Their robot could mimic three types of snake locomotion through manipulation of the ex-
ternal magnetic field, which showed future promise in achieving unique locomotion modes
through magnetic field manipulation. Petruska and Abbott [133] constructed and used an
omnidirectional electromagnet to drive a helical capsule-endoscope mockup through a trans-
parent lumen. Popek et al. [135] could propel a screw-type magnetic capsule using a single
rotating magnetic dipole. The screw-type magnetic capsule was equipped with an embedded
permanent magnet and Hall-effect sensors, to be localized using a rotating magnetic-dipole
field. However, for magnetically actuated robots, Hall-effect sensor-based methods are chal-
lenging due to magnetic field interference between the actuating electromagnetic coils and
the magnet located on the sensor [151]. Miyashita et al. [118] developed an electromagnet-
ically actuated untethered origami robot which could self-fold, walk, swim, and degrade in
different environments. Walking had been achieved through oscillatory magnetic field actu-
ation by permitting the front and back body parts to contact the ground through slip-stick
motion alternately. Building on this work, Miyashita et al. [119] designed and fabricated an-
other biocompatible origami robot that could be encapsulated in ice and actuated through
an esophagus to release an embedded drug layer into a wounded region passively. Although,
those robots could be used for control and actuation through walking and rolling locomo-
tion in artificial bio-environments, their control and limited locomotion modes raise a lot of
uncertainty regarding their applicability in a confined region. Bi et al. [18] could achieve
side-wise and length-wise tumbling locomotion with a magnetic robot, which could actuate
through complex terrains, however, it had limitations regarding an available control sys-
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tem for manipulation in minimally accessible regions. Vogtmann et al. [166] developed a
hexapedal magnetically actuated robot which could walk with a speed of greater than 5
body-lengths/second. Their work demonstrated how the complainant mechanism of legs
and simple control system could be used to achieve faster locomotion. However, they had
limitations in fabrication and control feasibility at smaller length scales. Pierre and Berg-
breiter [134] studied legged locomotion at small-scale and demonstrated the versatility of
magnetic actuation to study terrestrial locomotion. Although many magnetically actuated
robots have been designed and explored at different length scales, no untethered scalable
robot has been invented which could be capable of multi-modal locomotion with a sim-
pler design, functional in the irregular surface, and actuated through a minimally accessible
region.
Therefore, in this chapter, we present a magnetically actuated untethered millirobot,
which is simple in design, capable of producing multiple surface motion modes (pivot walk-
ing, tapping, tumbling, corner maneuvering, etc.), is power-efficient, and shows immense
promise in both scalability and modularity, especially in minimally accessible regions and
performing different bio-engineering tasks. Multi-modal locomotion of our robot enabled
itself to actuate through confined regions, such as a maze-like path and an esophagus-like
bent tube. Moreover, based on this, we have combined multiple millirobots together to cre-
ate a magnetically actuated stag beetle which could successfully transport an object, and a
magnetic carbot which could move through a maze. Based on our current research, we plan
to achieve modularity by fabricating and programming simple modular subunits, which can
form both scalable and configurable structures. These structures can be used for large-scale
manipulation and then disassembled into simple robotic structures for small-scale manipula-
tion tasks. Further, we plan to achieve real-time feedback control for the modular sub-units.
3
1.2. Millirobot design and motion modes
The magnetically actuated untethered millirobot presented in this chapter is rectangular-
shaped with cylindrical permanent magnets embedded in each of its two ends as shown in
Fig. 1.1. When an external magnetic field vector with an alignment different from that of
the longitudinal axis of the robot is applied, a magnetic torque is induced on the millirobot
until it realigns itself with the field. Thus, the millirobot can be actuated by changing the
magnitude and the direction of the magnetic field vector.
(a) (b)
Figure 1.1. Robot design and coordinate system. (a) Dashed-black and red axes represent
respectively the inertial (XY Z) and body (xbybzb) frames of the robot in Cartesian space. θ
and φ show rotations between the two frames of references. (b) The embedded permanent
magnet pair with different configurations. Here, red represents the north pole and blue
represents the south pole.
We considered several possible ways of attaching the two permanent magnets to the robot
body. The orientation of the permanent magnets with respect to the body will affect the
possible locomotion modes. Figure 1.1(b) shows three ways the magnets can be attached to
the body. When they are arranged in the manner shown in (i) and (ii), only tapping and
tumbling modes are achievable. In addition, arrangement (iii) not only can generate pivot
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walking, but also can produce more efficient tapping and tumbling modes. The arrangement
of the magnet pairs in terms of polarities shown in Fig. 1.1(b) leads to optimal torque
generation. Also, increasing the number of permanent magnets along the robot axis will
only amplify the induced magnetic torque. Therefore, only two permanent magnets were
attached to the robot’s body.
Based on this basic concept, various locomotion modes can be generated. Here, we listed
and demonstrated four possibilities. The tapping, pivot walking, and tumbling locomotion
modes listed here were achieved previously in studies [87,89,184,185] using inertial actuation
schemes. Yet, magnetic actuation provides a mean for more compact and miniaturized de-
signs since it eliminates on-board actuation mechanisms and power supplies. Pivot walking
is achieved by successively alternating the direction of the magnetic field vector in negative
and positive z-direction. When the magnetic field vector orients in the negative z-direction,
the induced magnetic torque presses one end down while the other end is lifted up. Subse-
quently, while having a pivot formed at the pressed end, a counter-clockwise magnetic torque
τz is applied. This causes the robot to rotate forward by an angle of θi in the x− y plane. In
the next step, the orientation of the magnetic field is reversed, and the pivot moves to the
other end. A clockwise torque τz is then applied to rotate the robot by θi+1 about the new
pivot point. Repeating this process, locomotion along a desired path is generated as shown
in Fig. 1.2(a).
Tumbling motion can be created by successively applying step torques τ iy about y axis
to progress in the x direction (Fig. 1.2(b)). During this motion mode, one end forms a
pivot, while the entire body rotates about that pivot. Figure 2(b) shows the tumbling mode
where the red and black arrows show the direction of progression and the applied torques
respectively. This type of locomotion is suitable for operating in narrow channels. However,
the channel height should accommodate the longitudinal dimension of the robot.
The millirobot corner maneuvering motion is used to perform tight corner turns. It is
similar to the tumbling mode, where the robot is erected along the longitudinal axis. When




Figure 1.2. Demonstration of basic modes of motion by 15 × 4 × 2 mm3 sized millirobot.
Depending on the direction of applied rotating magnetic field, multiple modes of locomotion
are produced. (a) Pivot walking is achieved by lifting one end and forming pivot point
in the other end by applying torque τy, then, the torque τz rotates the millirobot about
the formed pivot; the process is then repeated in the opposite direction. (b) Tumbling is
created by applying continuous step torques τy. (c) Corner maneuvering is made when sharp
turn is required at corners. When the millirobot reaches the upright position, a torque τz is
applied to turn the millirobot to the desired direction. (d) Tapping is attained by repeatedly
applying positive and negative torques (τy and −τy) that lift and release the trailing end and
generate forward progression.
to progress in another direction. Figure 1.2(c) depicts the corner maneuvering mode where
the red and black arrows represent the direction of motion and the applied torques on each
pose respectively.
Lastly, tapping motion is made by first applying a clockwise torque τy to form a pivot
point at the leading end (Fig. 1.2(d)). Next, a counter-clockwise torque τy presses the trailing
end, and generates a forward progression in the x-direction as shown in Fig. 1.2(d). In this
mode, one end (trailing) is tapping, while the other end (leading) maintains contact with
the surface. The advantage of tapping mode is that the robot can move through narrow
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spaces. Compared to the tumbling mode, less space is needed in the z-direction, and the
only limitation is the width of the robot.
Figure 1.3 shows the feasible motions and the space restrictions of each mode. The
tumbling mode requires more space in the z direction, the pivot walking mode requires the
smallest space in the z direction but necessitate wider space in x direction. Finally, the
tapping mode requires narrowest space in x direction and moderately higher space in the z
direction.
Figure 1.3. Feasible motion and space limitation of 10 mm robot. (1) The tumbling mode.
(2) The tapping mode. (3) The pivot walking mode.
1.3. Equations of motion
The equations of motion are derived using Newton’s method. The position of the center
of mass (G) of the robot (x, y, z) and two orientation angles shown in Fig. 1.1(a) are taken as
the states of the system. The robot experiences different forces and torques; a weight (mg),
a surface normal force (N), a friction force (Fk) in the opposite direction of the velocity, and
two external magnetic torques (τy, τz). Here, Fk depends on N , the sliding friction coefficient
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µ, and the direction of the velocity of the contact point (~eV ). The millirobot is assumed to
be symmetrical in three directions, so the moment of inertia Im in the body frame (xbybzb)






where, Ix, Iy, and Iz are the moment of inertia along x, y, z -axes, respectively (they are not
necessarily equal).
In the locomotion of the system, we assume that two magnetic moments MA and MB
are acting at the pivot point. The position of one of the pivot points (A) is considered as
(Ax, Ay, Az). By using the Newton’s law of motion, the equations of motion can be written
as follows:
mẍ = (Fk ~eV ).~i (1.2)
mÿ = (Fk ~eV ).~j (1.3)
mz̈ = mg −N (1.4)
Iz θ̈ = −τz + Fk sin γ r sinφ (1.5)
Iyφ̈ = −τy + Fk cos γ r cosφ−N r sinφ (1.6)
where {i, j, k} are the unit vectors of the inertial frame (XY Z), r is the distance from G to
A, γ is the angle between ~eV and the xb-direction, respectively. The kinematic constraint of
the pivot point allows the derivation of the following additional equations:
Ax = x− r sinφ cos θ (1.7)
Ay = y − r sinφ sin θ (1.8)
Az = z − r cosφ (1.9)
where these second derivatives are considered as constraint equations. As the system un-
dergoes stick-slip motion, we assume that Fk = N µ. To solve the equations of motion,
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we realize that we have 6 unknowns (ẍ, ÿ, z̈, θ̈, φ̈, N) and five equations. To resolve this
paradox, we use the pinned assumption [131]. There are different types of possible solutions
that can be enumerated as:
 If N < 0, it means that the robot does not have any contact with the ground, so
N = Fk = 0.
 If Fk > Fsmax , where Fsmax = N µs, it means that a pinned point is slipping on the
surface and Äz = 0
1.4. Electromagnetic coil setup
A large-scale magnetic field controller was constructed to actuate the millirobots pre-
sented in this chapter. The large-scale coil system is a nested Helmholtz configuration ca-
pable of producing uniform rotating magnetic fields in all three dimensions. The separation
distance between each coil pair is directly related to their radii. The y-coil pair has an outer
diameter of 50.4 cm, the x-coil pair has an outer diameter of 38.2 cm, and the z-coil pair has
an outer diameter of 28 cm. The inner diameters of the y, x, and z coils are 40.1 cm, 29.2
cm, and 20 cm, respectively; coil thicknesses are 5.16 cm, 4.48 cm, and 3.8 cm. The large
size of the coils allows for a total working distance of 15×12×8 cm3 at the center of the coil
configuration. The coils were fabricated by Stonite Coil using insulated 13 gauge circular
copper wire while all the support structures were printed using polylactic acid (PLA) on an
Ultimaker 2 Extended+ at an 0.6 mm layer height. An isometric CAD drawing of the coil
system, showing the different coil positions, can be seen in Fig. 1.4(a), while the front view
of the actual coil system can be seen in Fig. 1.4(b). Nicknamed the ‘Death Star’ by the
laboratory, it is one of the largest and most powerful Helmholtz configurations being used
for small-scale robotics research.
When ten amps of current are applied to each coil, the system can produce magnetic
fields above 20 millitesla (mT). The exact magnetic field profile for each coil pair can be
seen in Fig. 1.5(a) when ten amps of current is applied. Its considerable working distance
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(a) (b)
Figure 1.4. Large-scale, high-powered, nested Helmholtz coil configuration (BAST Lab).
(a) Isometric view of the large-scale nested Helmholtz coil system (Death Star). (b) Front
view of the actual coil system.
and significant magnetic field flux densities give millirobots ample space to maneuver and
enough torque to produce any motion mode. Finally, due to the large size of the coils,
heat dissipation from the coils does not affect any sample placed within the system. To
demonstrate this, a room temperature beaker of saline water was placed inside the center of
the coil system for 30 minutes while 10 amps of current was applied. The results can be seen
in Fig. 1.5(b), where no significant change of temperature was detected in the sample, which
maintained room temperature throughout the experiment. The PLA, which composes the
millirobots and has a low melting temperature, would not be effected by the coil systems
prolonged operation. The coil system was designed using the procedure outlined in [1]. Each
coil pair is linked with its programmable power supply (Kepco, BOP 100-10M), and linked
to a National Instruments data acquisition (DAQ) board. By using the DAQ board, the
power supplies generate sinusoidal outputs to the coils. They can create uniform rotating
magnetic fields with any user-specified time-independent magnitude and frequency. These
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signals are user-specified and controlled using a customized C++ program; specific magnetic
torque patterns for each coil pair were pre-specified for each motion mode. A digital camera





Figure 1.5. (a) Magnetic field flux density vs. distance profile, at 10 amps of current,
measured from the center of the working space to the maximum working space along the
x-direction. The z-coil has a smaller profile since it is has the smallest separation distance,
but does not limit the 2D motion of the millirobots. (b) Temperature vs. time profile for
saline solution placed in the center of the system when 10 amps of current was applied to
each coil pair. Dashed line connecting the points in (b) was added to guide the eye.
In this study, one of the main goals is to represent the motion of a magnetic millirobot
under the effect of a stationary electromagnet system. We propose a millirobot that is a
rigid body embedded with two permanent magnets MA and MB. The magnetic moment M
is assumed to have a constant magnitude and be rigidly connected to the frame of body.
Figure 1.1 depicts schematic of the robot with reference frames.
The torque on the magnet can be expressed as follows:
τA = MA × B̄ (1.10)
τB = MB × B̄ (1.11)
where B̄ is the vector of applied magnetic field’s flux density. The torque tends to align the
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magnetic moment with the applied field. In our case, the torque is aligned to the xb axis
of the body with the field. In this configuration, we are able to move the center of mass of
body (G) and perform rotations of the in-plane (θ) and out-of-plane (φ) angles. We should
note that we are unable to perform rotation about the long axis of the body (xb). The state
variables of the system are x, y, z, θ, φ, where x, y, z are the coordinates of the center of
mass, θ, φ are the body frame rotation angles.
Each electromagnet creates a magnetic field throughout the workspace. At any given
point in the workspace P , the magnetic field due to actuating a set of given electromagnets








where subscript n represents the nth actuated electromagnet, N is the number of electro-
magnets, In is the current value flowing through the n
th electromagnet, and K̄n(P ) is a unit
vector, thus the vector B̄(P ) varies linearly with the current through the electromagnet. The
individual field contributions are decoupled, and the fields can be individually measured and













= K(P )I (1.13)
where K(P ) is the precomputed matrix at each point in workspace of magnetic field. To find
the magnetic force, we need to find the derivative of the magnetic field in specific direction.
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= Ke(P )I (1.14)
The magnetic torque and force on the magnetic moment M at point P are directly related
to the current. The use of magnetic torque and force requires knowledge of the system’s pose
and magnetic moment configuration. In our case, we control the direction of the magnetic
field, but in this case the millirobot will align with the applied field. Thus, we need to have
the magnitude of M and measure the millirobot’s position and orientation at point P .
The field strength, rotation direction (CW/CCW), and rotation frequency of the magnetic
field can be controlled through our magnetic control system. For example, in xy-planar
control, the resultant field can be expressed as
B̄ = K(P )I
[
sinψ sinωt cosψ sinωt cosωt
]T
(1.15)
which rotates with angular velocity ω around the unit vector
n̄ =
[
− cosψ sinψ 0
]T
(1.16)
which corresponds to the desired direction, where ω is the rotational frequency, and ψ is the
rotation of the plane of the rotating field. For our Helmholtz coil, the magnitude of the field
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|K̄i| of a pair of coils can be modeled as:
|K̄i|=
µ0nRcoil








where µ0 is the permeability constant, n is the number of turns of the coils, Rcoil is the radius
of the coils, D is the distance between a pair of coils, and d is the position between the coil.
At the center of the coil, which is the position we are interested in, the position d is equal
to zero. For more details on the Helmholtz coil configuration, refer as to [32].
1.5. Experimental verification
Various types of motion testing have been conducted to analyze the behavior of the
robot as well as the actuation mechanisms proposed in this study. Figure 1.6 shows the
experimental verification of the basic modes of motion for 15× 4× 2 mm3 sized millirobot.
(a) (b)
(c) (d)
Figure 1.6. Demonstration of basic modes of motion by 15×4×2 mm3 sized millirobot. (a)
Pivot walking. (b) Tumbling. (c) Corner maneuvering. (d) Tapping.
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Figure 1.7(a) depicts the applicability of the novel pivot walking strategy, where the
millirobot follows a desired path that includes sharp corner. As seen in Fig. 1.7(a), the pivot
walking motion mode is both robust and stable. However, this strategy requires a wider
operating space to be functional. To overcome this limitary space for locomotion, one can
take advantage of the strengths of each mode by creating a combined motion mode; pivot
walking mode is suitable to perform fast and robust motions in wide spaces, while tapping
mode is better used in tight spaces, and the corner maneuvering mode is ideal in handling
sharp corners.
(a) (b)
Figure 1.7. Multi-modal motion modes by 15 × 4 × 2 mm3 sized millirobot in a maze. (a)
Pivot walking motion: the millirobot is migrating remotely guided by a rotating magnetic
field through pivot walking mode. The robot walks forward, changes its direction, and then
walks inside the maze. (b) Combined motion modes: the millirobot travels inside a maze
by switching between the proposed modes of motion based on the space of the path. It uses
pivot walking in wider space, tapping in narrower, and corner maneuvering to handle sharp
corners.
Figure 1.7(b) shows a combined motion mode, where the robot starts with pivot walking
mode and when it reaches the narrow channel, tapping mode is used in this tight space until
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it reaches the wide channel again. The robot taps until it encounters the sharp corner. Then,
it uses the corner maneuvering mode to perform an in-place sharp turn. Then, it continues
with tapping again until it reaches the wider space. Subsequently, the pivot walking mode
is used to reach the final destination. The experimental testing was conducted without
any position feedback. We plan to extend our work by conducting longer duration and
more complicated experiments. These future experiments will include camera based visual
feedback to localize the millirobot.
1.5.1. Parametric Analysis
The comparison of progression velocities of individual motion modes at different magnetic
field frequencies is shown in Fig. 1.8(a). For pivot walking and tumbling, increasing the
frequency results in faster progression velocity. But at higher frequencies, our millirobot
is subject to more slippage. For tapping, increasing the frequency does not lead to higher
velocities. We found a critical frequency fc of 50 Hz, where the velocity is maximized
compared to other frequencies. In general, pivot walking mode has the largest progression
velocity compared to the other two modes. The slowest mode was tapping. In addition, in
pivot waking, there is one contact point at a time between the millirobot and the ground. At
high switching frequencies the millirobot may slip at contact with points. This slippage can
be reduced by incorporating materials with higher static friction coefficient (such as rubber)
at the contact points.
In addition, we investigated the effect of robot body length and sweep angle on pivot
walking and the effect of step angle on tumbling. For pivot walking mode, Figure 1.8(b)
depicts the variation of the progression speed with respect to robot length while other pa-
rameters are fixed. As one can see from the figure, increasing the length of the robot leads to
higher progression speeds. This is due to the fact that for the same sweep angle, the traveled
distance is x = L
2
sin θ, where L is the robot length and θ is the sweep angle. Therefore,
longer robots will travel longer and faster than the shorter ones. Figure 1.8(c) presents the
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Figure 1.8. Parametric analysis. (a) Comparison of progression velocity between motion
modes of 10×4×2 mm3 sized millirobot. (b) Pivot walking: variation of progression velocity
as a function of robot’s length. (c) Pivot walking: variation of velocity as a function of sweep
angles. (d) Tumbling mode: variation of velocity as a function of angle steps.
each length increasing the sweep angle results in longer distances as well as higher progression
velocities.
For tumbling mode, Fig. 1.8(d) presents the progression velocity with respect to differ-
ent angle steps while the other parameters are fixed. The angle step represents the angle
increment of the robot to achieve full rotation. As can be seen for a 10 mm long millirobot,
increasing the step angle results in higher velocities, however, this can also result in increased
slippage and unpredictable motion once the step angle becomes larger than 15 degrees. But,
for angle steps larger than 15 degrees, the robot is subject to slippage and unpredicted
17
motion.
1.6. Biomedical and engineering applications
Here we present the feasibility and modularity of our magnetically actuated millirobot
for three potential applications. First, our millirobot was tested inside gradually elevated
curved tube. It shows that the millirobot can be potentially used for future exploration
of esophagus-like structures for endoscopy and ENT surgical procedures. A 12.7 mm inner
diameter transparent hose was used to mimic tubular structures in the three dimensions.
The dimension of the millirobot used in this experiment is 5 × 4 × 2 mm3. An experiment
was conducted whereas the elevation of the tube was varied. For this purpose, a special
support structure was built (see Fig. 1.9(a)). In this experiment, pivot walking was initially
used; after a short period of time (9s) the motion mode was changed to tumbling in order
to overcome slippage caused by the incline. Once the slippage was overcome, the millirobot
remained in the tumbling mode for the remainder of the experiment.
(a) (b)
Figure 1.9. Millirobot is navigating inside a helical tube to emulate an esophagus-like struc-
ture. (a) CAD model of the support being used to hold the tube with 7◦ grade. (b) Robot
trajectory inside a helical tube where z motion is now achieved.
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The millirobot, as a modular sub-unit, can be used to construct more complicated multi-
functional robotic devices. One of such devices is a stag beetle robot shown in Fig. 1.10.
In this robot, two modules are mounted on a spine. Then the locomotion takes place by
inducing pivot walking into the two modules of the beetle. Adding more than one pivot
walker increases the traction by adding another ground contact point. In addition, the
actuation force is doubled due to the addition of the second pivot walker. Therefore, the
stability and robustness of walking on the surface and the accuracy of the direction of
motion are improved. Figure 1.10(d) shows the stag beetle robot is navigating in a 2D
maze-like environment while pushing payload. This example also demonstrates manipulation
potentials of the magnetically actuated millirobot. Finally, since these experiments were
conducted without any position feedback, the beetle robot has to walk slowly and adjust
its orientation to navigate inside the maze. In future work, we will use visual feedback to
estimate the robot position, then we can increase the navigation speed of the beetle robot.
Finally, we developed a car robot (carbot) using four millirobots in the form of wheels. In
each wheel, the same configuration of magnet pairs are used. But, instead of attaching them
to the rectangular-shaped body, we attached them to a circular disc-shaped one. The two
discs are connected through an axle. The front and back wheels are mounted on a main body
of the carbot as shown in (Figs. 1.11(a) and 1.11(b)). Figure 1.11(c) shows a 3D printed
carbot in motion, where the carbot navigates through a pathway.
1.7. Discussion and Conclusion
This study introduces the possibility of developing a scalable, configurable, low-cost mil-
lirobot that is very simple and easy to manufacture. The millirobots can be remotely con-
trolled using rotating magnetic field which allows them to perform a rich set of agile loco-
motion modes and tight cornering maneuvers. These robots can also be used as modular
components of more sophisticated devices.
Most of the millirobots previously developed can operate well in a single motion mode.






Figure 1.10. Bio-inspired stag beetle robot. (a) A stag beetle from [102]. (b) The CAD
model of the beetle robot, where two millirobots have been arranged in parallel on a spine
created beetle-like robot that is capable of moving on a 2D surface. Applying pivot walking
mode on the modules makes the robot to walk in any desired direction. (c) The 3D printed
stag beetle robot size compared to a quarter (diameter 24.26 mm). (d) Demonstration
of object manipulation using stag beetle robot, where the beetle robot moves, rotates and
pushes using pivot walking technique.
tasks. We established that by attaching two permanent magnets to a simple plastic member,
and through the use of magnetic actuation, one can make robots capable of performing
highly sophisticated motions. Such devices can find use in biomedical applications such as
in vivo drug delivery, in vitro manipulation, and endoscopic tasks. In addition, they can be
incorporated into non-medical micro-manipulation and manufacturing applications.
Having multiple modes of operations enhances the capabilities of a millirobot. Each mode
would have its own advantages and drawbacks. For example, pivot walking, while being the




Figure 1.11. Carbot. (a) The CAD model of the magnetic carbot, where, four disc-shaped
millirobots have been arranged to create a magnetic carbot that is capable of moving on a 2D
surface. Applying tumbling mode on the modules makes the wheels to rotate and move the
carbot in any desired direction. (b) The 3D printed carbot compared to a quarter (diameter
24.26 mm). (c) The 3D printed carbot robot is navigating through a path which consists of
straight lines and sharp corners.
hand, tumbling has lower speed and requires wider space in the z direction. Tapping mode
has the minimum space requirement, however, it is prone from possible slippage and slow
progression velocities.
In summary, we developed a basic untethered millirobot which is very simple in design,
highly scalable, easier to fabricate at low cost, capable of producing multimodal surface
motions, and shows scope of modularity by assembly of simple sub-units to create complex
structures. We demonstrated the pivot walking for the first time at millimeter length-scale as
a novel way of producing stable and efficient locomotion. We demonstrated experimentally
that several surface locomotion modes could be generated by a simple millirobot which
enable it to actuate through confined spaces such as maze-like path and esophagus-like
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bended tube. Finally, we established the scope of modularity with millirobots in creating
more sophisticated devices such as a stag beetle and a carbot [6].
Future works will include incorporating position feedback using external cameras to con-
duct precise and more complicated experiments. In addition, adding a high friction material
to the pivot points to increase the traction and decrease the slippage will be considered. Fur-
thermore, more complicated multi-functional robotic devices will be considered and designed.
We will also consider swarm control and work on reconfigurable millirobots.
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Chapter 2
Feedback Control of Millimeter Scale Pivot Walkers Using Magnetic Actuation
2.1. Introduction
Biological inspired locomotion and the growth in need for mobility in challenging and un-
known environments have motivated many researchers to design different miniature robots.
These robots can be listed as conventional wheeled, crawling and snake-like, legged, and
hopper. Recently, traversability in irregular environments has become an important feature
in the design of robots. Small-scaled robots show great potential capabilities in maneuver-
ability and reachability in such environments. Also, these robots can benefit from untethered
actuation mechanisms and freed from limitations imposed by onboard actuators and power
sources. Untethered tiny robots can be actuated by external forces, such as electromagnetic
fields [128, 147], acoustic waves [4], and light [146, 148, 155]. In this paper, we present a
millimeter-scale magnetic robot that can be steered by an external magnetic field.
Small scaled robots actuated and controlled by external magnetic fields can be used in
different applications such as accessing and manipulating objects in tight spaces. Various
locomotion modes has been developed for these types of robots such as Pulling/Pushing
[2], Tumbling/Rolling [165], Helical Thrusting [22], Swimming [47], Crawling [71], Stick-
Slipping [131], and Pivot Walking [6]. These locomotions can be carried out by rigid or soft
mechanisms [42].
Here, we summarize these different motion modes. Steering a permanent magnet can
generate a magnetic force and subsequently pull or push a magnetic body on a dry surface
or in a fluid environment. Diller et al. [45] controlled a sub-millimeter robots by using a mag-
netic gradient pulling method. The resulting tumbling motion exhibited a more controllable
mode without significant slippage. Bi et al. [19] presented a microrobot that is controlled
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by an external magnetic field. A permanent magnet was rotated beneath the workspace and
regulated a microrobot to tumble and travel through a narrow channel. Alternatively, when
a rotating magnetic field is applied to a helical robot submersed in a fluid, it will move in the
direction of the helical axis. Bozuyuk et al. [22] 3D printed a double-helical microswimmer
made from a magnetic polymer composite. The motion of this robot was controlled using
light in order to perform drug payload carry and release tasks.
In addition, robots can swim in a liquid medium by producing a wavy motion of their
bodies. Zhang and Diller [176] designed a flexible magnetic sheet, which can swim in a
liquid. Using the same technique, one can also generate crawling motion on dry surfaces.
Accordingly, Hu et al. [71] developed a non-uniform magnetized soft millimeter-scale robot
and controlled it to move on a solid surface, swim inside and on the surface of a liquid, and
crawl in a channel.
Kashki et al, introduced an inertially actuated robot that can produce a type of wobbling
gate, which they called “pivot walking” [87]. This type of locomotion is based on using two
spinners that cause the robot to successively pivot and spin about two distinct points. It
turns out, one can generate similar motions using magnetic instead of inertial actuation. As
a matter of fact, using magnetic actuation makes it possible to significantly reduce the size of
pivot walkers, because the burden of having on-board actuators is now moved elsewhere. This
type of magnetically actuated locomotion was used by Dong and Sitti [48] to regulate the
motion of a microgripper. They controlled the gripper to reach and grip an object, then move
it and release it at a desired destination. In a recent study [6], we proposed a millirobot,
with two permanent magnets mounted at each end of a rectangular shaped body. This
millirobot can perform several locomotion modes, including pivot walking. The object was
controlled in an open loop control mode, where sequential clockwise and counter-clockwise
magnetically generated forces were applied to generate locomotion. We discovered that
the most controllable motion among these modes was pivot walking. Closed-loop position
control of this robot is a challenging task. In this study, we investigate the kinematic model
of the pivot walking mode. We propose two control algorithms that track time-dependent
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desired trajectories based on robot kinematics. The first scheme is a proportional-geometric
controller, which moves the center of the robot to a desired location at that time instant.
The controller performs this task by taking successive steps alternating between the two
pivot points. During each step, based on the distances between the pivot points and the
desired position, one of the pivot points is chosen. Then, the robot swings about the chosen
pivot with a velocity that is proportional to the distance between the center of the robot and
the desired point. The second control scheme is based on a gradient descent optimization
technique, where the control problem is expressed as an optimization problem. The control
inputs are the parameters that need to optimized to reduce the error between the center of
the robot and the desired trajectory. These control algorithms enable the robot to walk and
track an arbitrary trajectory.
This paper is organized as follows. In Section II, a kinematic model of the pivot walker
robot is derived. Section III presents the locomotion analysis. Two control algorithms are
presented in Section IV. We carry out numerical simulation runs to validate the performance
of the proposed controllers in Section V, and the conclusion is presented in Section VI.
2.2. Kinematic model
The robot is composed of a rigid link with a permanent magnet embedded in the center
as shown in Fig. 2.1. This robot is capable of forming a pivot point at the two ends by
manipulating the surrounding magnetic field [6]. As shown in Fig. 2.2, the pivot points are
labeled as A and B. Magnetic robots are influenced by the presence of an external magnetic
field B both in terms of torque and magnetic force. The induced magnetic torque will rotate
and align the robot’s permanent magnetic M with the external magnetic field. The applied
torque on the robot can be expressed as follows:
τ = M×B (2.1)
where τ is the induced magnetic torque vector.
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Figure 2.1. Pivot walking robot.
Derivation of kinematics of the pivot walker is based on the assumption that the robot
is constructed as a rigid body. Here, we follow the same procedure to derive the kinematic
model as in [5, 7–9]. First, we used two reference frames; the global reference frame and
the local reference frame to identify the robot position on the plane as shown in Fig. 2.2.
The axes XI and YI define an arbitrary inertial basis in the global reference frame. To
specify the position of the robot, a point C on the center of the robot’s chassis is chosen as
its positional reference. The basis xC and yC defines the robot’s local reference frame that
passes through C on the robot’s body. The position of C in the global reference frame is
specified by coordinates x and y, and the angle between the two frames is given by θ. The
robot pose is then fully determined by the three state variables x, y, and θ. A 3×1-vector qI






The transformation between the robot frame and inertial frame is described as follows:
q̇R = R(θ)q̇I (2.3)
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Figure 2.2. The global reference frame and the robot local reference frame.
where, R(θ) is the rotation matrix. Based on Eq. 2.3 the kinematics of the robot in the
inertial frame can be written as follows:
R(θ) =

cos θ sin θ 0
− sin θ cos θ 0
0 0 1
 (2.4)
where, R(θ) is the rotation matrix. Based on Eq. 2.3 the kinematics of the robot in the
inertial frame can be written as follows:
q̇I = R(θ)
−1q̇R (2.5)
Thus, we have to obtain the kinematics in the robot frame. But before presenting the
derivation of the kinematic model of the pivot walker, few assumptions will be presented.
27
The robot can only rotate about the pivots without slippage. Figure 2.3 describes how the
robot is rotating about each pivot, wherein Fig. 2.3a, the active pivot is A, therefore the
point is fixed and the robot is rotating about it. While point B is fixed when pivot B is
active as shown in Fig. 2.3b. Successive switching between the two pivots will enable the
robot to generate locomotion.
Figure 2.3. The global reference frame and the robot local reference frame.
Since the robot has two pivots, it has two kinematic models, one for each pivot. The
derivation of the kinematic model with respect to pivot A is as follows: The velocity of the
robot’s center in the robot frame vRC is defined using the relative velocity between points C
and A as follows:
vRC = v
R
A + ω̄ × rRC/A (2.6)
where, vA is equal to zero since the point A is fixed pivot, ω̄ is the robot angular velocity






































Similarly, for pivot B, Eqs. 2.6 - 2.10 are used to obtain the robot velocity in the inertial
frame vIC . Where the relative velocity between the points C and B is defined as follows
vRC = v
R
B + ω̄ × rRC/B (2.11)
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where, vB is equal to zero since the point B is fixed pivot and rC/B is the position vector









































where ẋ and ẏ are the robot linear velocities, θ̇ is the robot angular velocity. As can be
seen, the kinematic model is a hybrid model that contains continuous-time functions and
discrete events (e.g the switching between the two models). Hybrid systems [74] are harder
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to control. As we have the control over the switching between the two pivots, the switching
can be modeled as input to the kinematic model that results in combining the two kinematic











where, σ is the switching control input between the models, If σ = 1, the pivot A is active,
whereas σ = −1, means that B is the active pivot. Value of the parameter σ is constrained
by either 1 or −1 depending on the desired active pivot.
Finally, the positions of pivots A and B are obtained using vector projection. Where



















The locomotion of the robot is composed of successive steps. Each step can be described
as a motion about a pivot point. The location of the pivot point alternates between the two
contact points with the ground surface. Fig. 2.4 schematically shows a two-step progression
of this type of locomotion. During the first step, pivot A is active and no motion occurs
31
there. Meanwhile, pivot B is free to move with the robot body. Once the main link rotates
into the desired angle the active pivot is switched to pivot B and now pivot A is free to move
with the main link. This process is repeated to generate forward locomotion.
Figure 2.4. A two step angular progression in pivot walking.
In general, walking consists of successive steps. In order to analyze the locomotion of
the robot, we defined a set of gait parameters. The sweep angle θs is defined as the angle
between two successive steps. The number of switches between the two pivots is defined
as the number of steps Ns. The sweep angle has a significant impact on the motion, the
number of steps, and the travel distance. In order to demonstrate the effect of the sweep
angle, a locomotion algorithm is designed to control the robot to walk along a straight line.
This locomotion algorithm was designed such that the robot starts from initial position, then
takes a step with half of the desired sweep angle. Subsequently, the pivot is switched and
followed by a step with a full desired sweep angle. Finally, the pivot is switched again to
perform the next step on the other pivot. The straight-line locomotion is shown in Algorithm
1.
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Algorithm 1: Straight walking locomotion
Ns = 0; θ0 = 0;
ω = ω0; σ = 1 ;
while yd − y > 0 do













q = robotKinemaitc (q, σ, ω);
Ns = Ns + 1;
end
Figure 2.5 shows different robot trajectories for different sweep angles in the range of 1◦
to 360◦. Where the purple dashed line represents the straight path, the center of the robot
trajectory is shown as a thick black line. The blue and red lines represent the pivots A and
B respectively. Blue and red areas indicate that the robot rotates about pivots A and B
respectively. The change in color in these areas represents the number of switches between
the two pivots, hence the number of steps. As can be seen from Fig. 2.5, the sweep angle
has a significant effect on the number of steps. Whereas, the number of steps is very large
for small angles and gradually reduces for increasing values of the sweep angle. Another
observation is that the robot path is almost a straight line at smaller angles, while curved
paths appear at larger sweep angles. A full parametric analysis is conducted to see the effect
of the sweep angle on the number of steps and travel distance.
Figure 2.6 shows the number of steps as a function of the sweep angle for a travel distance
of 6 cm. At lower sweep angles, the number of steps is very large with a singularity at θs = 0.
Increasing the sweep angle results in fewer number of steps, As can be seen in Fig.2.5, after
about 200◦, the number of steps starts increasing as the contribution of the steps to the
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Figure 2.5. Different robot paths for different sweep angles. the robot length is 10mm and
the desired path length is 40mm.
forward motion diminish. At θs = 360
◦, there is another singularity since the robot rotates
around its own central axis. Also, higher number of steps results in longer completion times.
Figure 2.7 depicts the robot’s travel distance as a function of the sweep angle. Ideally, the
travel distance is equal to the path length at lower sweep angles. But increasing the sweep
angle results in drifts from the path length leading to higher travel distances, and therefore,
to longer task completion times.
These two parametric analysis results can be used in designing and optimizing control
algorithms for the pivot walker robot. For example, a small sweep angle can be used to
perform accurate tasks, but small sweep angles result in higher number of steps. Therefore,
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Figure 2.6. Variation of a number of steps to travel 6 cm as a function of sweep angle.
the process becomes a trade-off between accuracy and task completion time.
2.4. Control Design
Based on the kinematic model presented in Eq. 2.15, the robot motion can be governed
using two control inputs σ and ω. The input σ determines the active pivot that the robot
rotates about and ω defines how fast the robot will rotate about the active pivot. In this sec-
tion, we present a control algorithm for pivot walking robots to track an arbitrary trajectory.
The goal of this controller is to minimize the error e between the robot center (x, y) and
the desired trajectory (xd, yd). Figure 2.8 shows the robot and the desired trajectory. The
challenge in designing a control algorithm for such systems is how to handle the switching
between the two kinematic models. There are two ways to solve this problem. First, preplan
the motion using algorithms that take into consideration the robot kinematics (e.g humanoid
and bipedal robots). Second, design an algorithm that can solve the planning and control
problem, simultaneously. In this section, we will focus on the second approach, where, two
algorithms are proposed to track the desired trajectory without pre-planning the motion.
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Figure 2.7. Variation of robot traveled distance as function of sweep angle.
2.4.1. Geometry based controller
As discussed earlier, the challenge in controlling a walking robots is how to design the
control algorithm that switches between the pivots to minimize the error. We propose to
use the distance between the two pivots and the desired path, and based on the distance
the robot uses the nearest pivot as the active pivot and rotates about it. The idea behind
this algorithm is that the robot rotates about the nearest pivot (e.g. A) to the trajectory
until the other pivot (e.g. B) becomes the nearest one. Then, the pivot is switched to B
until A becomes the nearest pivot to the trajectory and so on. Consequently, the algorithm
is formulated. Expressions for the distances between the pivots and the desired trajectory
are shown in Fig. 2.8, and can be obtained as follows:
dAd =
√
(xA − xd)2 + (yA − yd)2) (2.20)
dBd =
√
(xB − xd)2 + (yB − yd)2) (2.21)
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Figure 2.8. Control problem description.
Then, the active pivot is:
σ = sign(dBd − dAd) (2.22)
where σ = 1 if dBd is greater than dAd and σ = −1 if dBd is less than dAd.
After selecting the active pivot that minimizes the error, a proportional controller for the
angular velocity ω is formulated as follows:
ω = k σ en (2.23)
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where k is a positive gain, and en is the norm of error between the robot center and the
desired trajectory given by:
en =
√
(x− xd)2 + (y − yd)2) (2.24)
The sign of σ plays an important role in this control law (Eq.2.23) to specify in what
direction the robot should rotate. Finally, this control algorithm integrated with the sweep
angle concept and shown in Algorithm 2. Where the switching between the two pivots is
constrained by completing the sweep angle.





(x− xd)2 + (y − yd)2) ;
dAd =
√
(xA − xd)2 + (yA − yd)2) ;
dBd =
√
(xB − xd)2 + (yB − yd)2) ;
σ = sign(dBd − dAd) ;
ω = σ en ;
while t < tf do
if θ − θ0 = θs then
θ0 = θ ;
dAd =
√
(xA − xd)2 + (yA − yd)2) ;
dBd =
√
(xB − xd)2 + (yB − yd)2) ;




(x− xd)2 + (y − yd)2) ;
ω = k σ en ;
q = robotKinemaitc (q, σ, ω);
t = t+ ∆t;
end
2.4.2. Optimization based controller
In controls theory, the control law’s purpose is to minimize the error between the robot
and the desired states. In other words, the control problem is an optimization problem with
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(q − qd)2 (2.25)




((x− xd)2 + (y − yd)2 + (θ − θd)2)) (2.26)
Our goal here is to minimize the cost function, by optimizing the control inputs σ and ω.
Using the kinematic model (Eq. 2.15), the sensitivity of the cost function with respect to
control inputs is obtained using the chain rule. This control algorithm has a similar structure
to a neural network, but it is based on the kinematic network. This network consists of
several layers; the first layer is the input nodes and the last layer is the robot position and
orientation. The intermediate layers represent the kinematic connection between the input
and the output. Finally, the back-propagation depends on the same concept of the sensitivity
of the objective function with respect to control inputs.
The derivation of the proposed control algorithm is presented next. The sensitivity of



































where the partial derivatives are obtained as follows
∂J
∂x
= x− xd ,
∂J
∂y
= y − yd ,
∂J
∂θ
= θ − θd
∂x
∂ω
= σ cos θ ,
∂y
∂ω






= −σω sin θ , ∂y
∂θ
= σω cos θ (2.28)
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where the partial derivatives are obtained as follows
∂x
∂σ
= ω cos θ ,
∂y
∂σ




Using the gradient decent, the control laws are








where, η is the learning rate. Then, saturation and sign functions are used to constrain the
control inputs.
ω = sat(ω0) (2.33)
σ = sign(σ0) (2.34)
This control algorithm learns and optimizes the control inputs to minimize the cost
function, which is the error in this case. Also, this algorithm has an advantage over the
previous algorithm because it is able to regulate the orientation of the robot. Finally, the
control algorithm integrated with the sweep angle concept and shown in Algorithm 3. Finally,
we note that the switching between the two pivots is constrained by completing the sweep
angle, and the gradient descent algorithm runs N iteration time to ensure convergence.
2.5. Simulation Results
We test the performance of the proposed controllers by conducting a set of simulation
runs in different scenarios. In each case, we use a parametrized circular path as the desired
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Algorithm 3: Optimization based controller
Initialization ;
q = q0;
σ = σ0 ;
ω = ω0 ;
while t < tf do
for k ← 1 to N do
qc = q;














































ω0 = ω0 − η ∂J∂ω ;
σ0 = σ0 − η ∂J∂σ ;
end
if θ − θ0 = θs then
θ0 = θ ;
σ = sign(σ0) ;
ω = sat(ω0) ;
end
q = robotKinemaitc (q, σ, ω);
t = t+ ∆t;
end
trajectory. The initial pose of the robot used in the simulation is qI = [0 0
π
2
]T . Also, to
study the effect of the sweep angle, different tests are considered to see its effect. In tests 1
and 2, the following circular trajectory is used.
xd = −4 sin(0.1 t) (2.35)
yd = 4 cos(0.1 t) (2.36)
In test A, the control algorithms use a sweep angle of 1◦, while 30◦ is used in test B.
2.5.1. Test A
In this test, a 1◦ sweep angle is used, therefore, the two controllers are tested in the
absence of sweep angle and number of steps constraints. Figure 2.9 depicts the trajectories
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Figure 2.9. Pivot walking robot tracking with a 1◦ sweep angle.
of test A, where the green line represents the desired trajectory. The black and dashed red
lines represent robot trajectories. Finally, the red circle shows the start position and the
black circle shows the end position. As can be seen, the two methods perfectly track the
desired trajectory. Figure 2.10 shows the norm of the tracking error en that is presented in
Eq. 2.24. Where the blue and red lines represent the error of method 1 and 2 respectively.
As can be seen, the tracking error is less than 0.1 cm. Therefore, the two controllers perform
well, but the method 2 shows better performance. Also, in terms of the number of steps
method 2 takes 2035 steps to track the desired trajectory, while 2037 steps are taken in the
case of method 1.
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Figure 2.10. The norm of the tracking error for a 1◦ sweep angle.
2.5.2. Test B
In order to test the robustness of the proposed controllers, they are tested in the pres-
ence of a 30 sweep angle. Figure 2.11 depicts the trajectories of test B, where the green
line represents the desired trajectory. The black and dashed red lines represent the robot
trajectories using the two proposed control methods. Finally, the red and black circles show
the initial and final positions respectively. As can be seen, the two methods track the de-
sired trajectory while using a 30 sweep angle. In the presence of the sweep angle, the control
inputs are updated after each step. The norm of the tracking error en is shown in Fig. 2.12,
where the blue and red lines represent the error of methods 1 and 2, respectively. As can
be seen, the tracking error is within 0.2 cm. Therefore, the two controllers perform well,
but the method 2 outperforms method 1. Also, in terms of the number of steps, the two
methods take a similar number of steps; for example, 64 steps are taken in method 2 and 65
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Figure 2.11. Pivot walking robot tracking with a 30◦ sweep angle.
steps in method 1.
Clearly, the sweep angle affects the controllers’ performance because it constrains the
robot kinematics. As predicted, a comparison of tests A and B shows that larger sweep
angles results in fewer number of steps but the tracking error performance deteriorates.
2.6. Conclusion
In this paper, kinematic modeling and control for pivot walking millirobots are addressed.
This paper proposes two control algorithms to guide the pivot walker while it follows a desired
path. The first controller is a proportional-geometric based approach. In this approach, the
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Figure 2.12. The norm of the tracking error for a 30◦ sweep angle.
controller activates the nearest pivot to the desired trajectory. Then, it uses a proportional
controller to regulate the angular velocity about that pivot. The second method is based on
optimization approach. The gradient descent algorithm is used to optimize the active pivot
and the angular velocity such that the tracking error between the robot and the desired
trajectory is minimized.
We conducted a parametric analysis to investigate the effect of the sweep angle on the
number of steps and travel distance. We validate the performance of the tracking algorithms
by using two simulation scenarios. In the first scenario, the two algorithms were tested
without placing constraints on the sweep angle. While in the second scenario, the simula-
tions were carried out by placing constraints on the sweep angle. In the two scenarios, the
optimization-based controller slightly outperformed the proportional-geometric approach. It
had faster convergence time, smaller tracking error, and fewer number of steps. In the future,
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we plan to conduct experimental tests to verify the performance of the proposed robot and
controllers in different navigation environments.
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Chapter 3
Teleoperation Control Scheme for Magnetically Actuated Microrobots with Haptic
Guidance
3.1. Introduction
Microscale robots, especially untethered ones, have been intensively investigated due
to the many possible applications: micro-manipulation, micro-fabrication, drug delivery,
tissue manipulation, in situ sensing, cell therapy and in vivo diagnostics [56]. For example,
in biomedical applications, microrobots can act as co-robots that directly work on human
patients, alongside healthcare providers, performing critical medical procedures. Such ideas
have deep roots in popular culture and may even be considered the final frontier of medical
microrobotics [117]. While most of the microrobots presented here are based on autonomous
techniques [33, 56, 91, 180], there is increasing importance in human-in-the-loop strategies.
For safety, public acceptance, and responsibility [127], it is helpful to equip human operators
with efficient and intuitive ways for manipulating the microrobots. One such way is haptic
feedback, making it an important approach in these human-in-the-loop teleoperation schemes
[145,158].
Thus far, several haptic feedback devices have been developed to control and manipulate
microrobots. Bhatti et al. [17] designed an intuitive haptic interface known as Atomic Force
Microscopy (AFM), which estimates haptic force at the end of the tip by using geometric
deformation principles. Another technique for haptic feedback is visual sensing. Pacchierotti
et al. [126] presents a particle-filter based algorithm to track the position of a robot wirelessly
while a 6-DOF haptic interface enables the operator to remotely move a microrobot to its
target position. Boukhni fer and Ferreira [21] used a 1-DOF haptic feedback to employ a
passivity-based approach with bilateral and robust fault tolerant control. Mohand Ousaid et
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al. [125] investigated a modular microteleportation system that includes custom components
designed to take into account passivity and transparency constraints. Mehdi Ammi and
Antonie Ferreo [11] use 3-D vision with haptic rendering for manipulation and penetration
of cells. Asgari et al. [13] offer a method to represent the mechanical properties of biological
cells by considering a hybrid model of micro-nano multi particles and continuum approaches.
While effective, these preliminary systems have no mechanism to estimate the ambient forces
acting on micro-robots when they encounter an unknown fluid or obstacle. For this purpose,
we propose the development of a master-slave system for force feedback and manipulation
of micro/nano objects. The master-slave system consists of two parts: a haptic controller
(master) and magnetic tweezer system (slave).
The magnetic tweezer system has six magnetic poles for releasing magnetic field fluxes
to generate magnetic field gradients. By applying current to certain electromagnetic coils
on the poles, different magnetic gradient fields can interact with magnetized microrobots to
produce propulsion magnetic forces [31, 34, 62, 177, 178, 181]. The magnetic tweezer system
requires microrobots to be magnetic only without imposing any restrictions on the structure
or the rigidity [136]. Therefore, it can only affect magnetized objects, offering advantages for
in-vivo environments, as the biological substances are mostly non-magnetized [16,62]. In our
previous work, this magnetic tweezer system has achieved closed-loop control for real time
3D manipulation and swarm motion [179,180], with inputs given through a user customized
control interface. However, to develop the system further for human-in-the-loop application,
alternative methods to apply control inputs are necessary.
The Systems Lab at SMU has been extensively engaged in haptic interface research for
more than a decade. The Pneumatic Haptic Interface (PHI) was one of the first Haptic
Interfaces developed [51, 73, 78, 156]. The PHI is an exoskeleton master arm with a 7-DOF
system. The exoskeleton applies the interaction forces with the virtual/real environment
to the right arm of the human operator in order to render a force display. Another haptic
application in development is a glove [54,55] that enables the operator to feel ultrasound data.
This system can be used to interactively explore the human body for medical diagnostics,
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surgery planning, and other medical applications. Furthermore, we have a commercially
available off-the-shelf haptic controller (Novint Falcon) [80] that will be used in this study.
In this chapter, we integrate a haptic device together with the magnetic tweezer system
to achieve path planning of microrobots with the implementation of an artificial potential
field in conjunction with a virtual grid map. We focus on the teleoperation control of
the magnetically actuated microrobots and haptic rendering of the environment. The rest
of this chapter is organized as follows. System setup and the introduction of master and
slave subsystems are shown in section 3.2. Section 3.3 illustrates the control scheme for
teleoperation. The mechanisms of the potential field and haptic controller are discussed in
section 3.4. Section 3.5 elaborates the experiment analysis, and the validation and conclusion
are in sections 3.6 and 3.7, respectively.
3.2. Overview of the system
The experimental setup used for microrobot teleoperation is shown in Fig. 3.1 The master
device is a Novint Falcon haptic device, while the slave system is the magnetic tweezer with
a magnetically actuated microrobot. The control algorithm and communications software
infrastructure make use of Robotic Operating System (ROS) libraries and Matlab. This
selection simplifies developing, debugging and testing stages.
The teleoperation system considered in this chapter is shown in Fig. 1. The human
operator commands the microrobot slave by moving the haptic device. This motion is
translated into forces that will be applied by the magnetic actuation system. Lastly, when
the microrobot approaches an obstacle, the virtual interaction forces are transmitted to the
Falcon haptic interface, rendering the terrain as force feedback.
3.2.1. The master device
The Novint Falcon is a haptic device, which has a 3-DOF grip connected via three parallel
arms. It can also be used as a 3-DOF position input and force feedback device [80]. The
Falcon library translates cartesian pose state vector to the ROS-based network using our
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Figure 3.1. Overview of the teleoperation system: The virtual interaction forces are com-
puted and transmitted to the human operator to guide him in performing path-following
tasks. The position of the haptic device is used to compute the motion commands sent to
the magnetic tweezer.
customized software.
3.2.2. The slave station
The slave station consists of magnetically actuated microrobots, the magnetic tweezer
[177], and a camera with a microscope. The station will be connected to a computer for
visual feedback processing and implementation of motion control. The microrobots are 10µm
coated ferromagnetic particles.
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Magnetic particles are acted upon by forces that are generated by an external magnetic
field (B). In this study, the magnetic force acting on a microrobot is given by
fmagnetic = (c.∇)B (3.1)
where, c is the magnetic moment of the magnetic particle and ∇B is the magnetic field
gradient. In Stokes flow, the drag force on a microrobot undergoing translational motion
can be written as,
fdrag = −ζ ẋ (3.2)
ζ = 6π γ r (3.3)
where, ẋ is the translational velocity of the microrobot in x, y, z-directions with radius
of r, γ is viscosity of the fluid, and ζ is the spherical microrobot drag coefficient, which
is commonly known as Stokes’ law [172]. Figure 3.2 shows the free-body diagram of the
microrobot. Thus, the equation of motion of the microrobot can be derived as follows:
mẍ− fdrag = fmagnetic (3.4)
where m is the mass of the microrobot.
3.3. Teleoperation Control Schemes
In this section, the three control strategies of teleoperation are adopted from [132] are
given as:
3.3.1. Position-position
The simplest and most intuitive teleoperation scheme is the position-position control
[98]). This control scheme maps the master displacement to desired slave displacement. In
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Figure 3.2. (a) Microrobot in a static fluid (b) The free-body diagram of microrobot, which
illustrates the magnetic force and drag force acting on the microrobot.
order to overcome dimensional differences between master/slave workspaces, a convenient
scaling criteria may be used. In our application, however, this scheme requires closed-loop
position control on the slave side.
3.3.2. Position-velocity
When the slave workspace is significantly greater than the one of the master, a scaling
problem may arise. One way of solving this issue is to map the master device displacement
to the slave desired velocity. This mapping scheme provides more reliable performance and
is appropriate for teleoperation of microrobots with infinite workspaces. Hence, similar to
the position-position scheme, it requires a velocity closed-loop control on the slave side.
3.3.3. Position-force
Similar to position-velocity scheme, the position-force control scheme provides better
performance when the slave workspace is greater than the master’s. In this case, the forces
applied to the slave are defined by the displacement of the master. Therefore, the master
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displacement is translated into magnetic force using
fmagnetic = Kxh (3.5)
where, xh is the haptic device displacement and K is the scaling matrix. To guarantee
stability of the overall system, a passivity-based approach has been adopted in the design
of the control scheme. From equations (3.4) and (3.5), if xh is zero, then fmagnetic is zero
and the fdrag will dissipate the energy. Then, it can be easily concluded that the system is
passive and therefore stable.
3.4. Haptic Guidance
3.4.1. Motion tracking
The haptic guidance problem can be addressed as a path following problem. The goal is
to minimize the distance between a single microrobot and a predefined path. An algorithm
based on the artificial potential field is used to generate a constrained motion in the proximity






∥∥∥∥x− xp∥∥∥∥2 − τ 2

(3.6)
where, x and xp are the microrobot and path point positions respectively, and τ is the radius
of attraction. The attractive force can be easily derived as the negative gradient of the field
as given in
Fp(x,xp) = −∇Up(x,xp) (3.7)
The potential field is constant, as the distance between the robot and path is small, and
therefore, its gradient vanishes. In addition, as the distance starts increasing the potential
field increases, and its gradient changes and reaches its maximum and minimum at τ and
−τ respectively. As we get further away from the desired path, the field becomes constant
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again as shown in Fig. 3.3.
Figure 3.3. The attractive field due to the path, when τ = 2
The artificial potential field around the desired path serves as a guide for the operator.
As the microrobot moves along the path, the operator feels only the drag force, but when
the operator drives the microrobot away from the path, the operator feels forces indicating
that the microrobot is drifting. In this mode, the haptic feedback will guide and influence
but not constrain the operator to move the microrobot along the desired path. The tracking
accuracy relies on visual feedback and the operator. This mode combines visual and haptic
feedback.
3.4.2. Haptic rendering of the environment
A virtual force can be generated by the environment to give the user a haptic feeling
about the workspace. This problem can be considered as an obstacle avoidance and path
planning problem. Thus, we used the artificial potential field to avoid obstacles. First, a
grid is generated and superimposed on the environment. Then, each grid cell occupied by
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an obstacle contributes a repulsive potential field as shown in Fig. 3.4. We define C as a set












, ‖x− xci‖ ≤ ρ
0 , otherwise
(3.8)
where, x is the robot position, xci is the occupied cell position, η is a positive scaling factor,
and ρ is the range of influence.
The resultant repulsive force is obtained from the negative gradient of the repulsive
potential. The repulsive force exerted by each occupied cell is,
Fi(x,xci) = −∇Ui(x,xci) (3.9)










Subsequently, the force F will be transmitted to the Falcon haptic device in order to give
the operator the sensation that the microrobot is approaching an obstacle. Figure 3.4 shows
the obstacles and the boundaries, as well as the generated artificial potential field. As can
be seen, each obstacle is surrounded by a potential field with a specific area of influence.
Therefore, once the microrobot enters the field, the operator starts feeling the generated
forces. As shown in Fig. 3.5, the potential field gradient around the obstacle position causes
the forces to increase proportionally as the microrobot gets closer to the obstacle.
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Figure 3.4. Representation of the environment. (a) Occupancy Grid Mapping of the envi-
ronment. (b) The grid map with a repulsive potential field due to obstacles.
3.5. Experimental Results
The experimental results section will be divided into four parts: the first will discuss the
experimental setup and signal processing; the second will discuss the proposed teleoperation
scheme, where the haptic device will be used to control the microrobot; the third will discuss
the proposed teleoperation scheme with the haptic guidance to track a desired path; and the
forth will discuss the haptic rendering of the environment.
3.5.1. Experimental setup and signal processing
We used a magnetic tweezer system setup that was built in house. The magnetic tweezer
system was mounted on an inverted microscope (Olympus IX50) with a 40X microscope
lens (Fig. ??). Each microrobot was made from ferromagnetic microbeads (Spherotech
SVFM-100-4 Ferromagnetic Particle) with an average diameter of 10.6µm. First, a 20%
concentration NaCl solution was injected into a PDMS (Polydimethylsiloxane) chamber,
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Figure 3.5. 3D presentation of the repulsive field due to the obstacles.
which then was placed in the center of the magnetic tweezer. Tween 20 was also added to
the solution in order to reduce the surface contact friction. Subsequently, a population of
microrobots, diluted to 5% to minimize the aggregation due to mutual magnetic attraction,
was also injected into the chamber. The setup was designed such that the fluid was stationary,
so there would be no fluid flow in the inner chamber except for the movement of microrobots.
The control action was restricted to a single bead of robots in the center of the chamber to
avoid the drag forces due to the walls. Figure 3.6a shows three microrobots and an obstacle.
The positions of the microrobots and the obstacle were estimated using image processing
techniques.
Image processing algorithms were used to estimate the microrobot’s position from the
video stream. We used a circular Hough transform technique to detect the circles that define
the microrobots using phase coding [14]. The phase coding is capable of estimating the
center locations and radii of the circles. Additionally, the boundary can be modeled as a line
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Figure 3.6. Experimental results.(a) A raw image of the video stream depicting three mi-
crorobots and an obstacle. (b) The detected microrobots and the obstacle using image
processing techniques.
for visual and haptic rendering purposes. We extracted the line segments from the streamed
images based on a Hough transform [115] to detect an obstacle in the environment. Figure
3.6b shows the three detected microrobots, which were labeled as 1, 2, and 3. The red line
represents the obstacle.
Finally, transmission delays are negligible because data are exchanged over a local net-
work and the robots move with relatively slow velocities.
3.5.2. Teleoperation control
An experimental test was performed using the teleoperation control scheme described in
Sec. 3.3. A simple task was conducted to evaluate the proposed teleoperation method. The
operator used the Falcon haptic interface as a joystick to move the microrobots. As expressed
in Eq. 3.5, the displacement of the haptic device was converted to desired magnetic forces to
be generated at the slave station. Figure 3.7a shows how the task was carried out, where the
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microrobot was labeled as 2. The microrobot trajectory in the x - y plane is shown in Fig.
3.7b, where the red square represents the initial position, and the blue square represents the
final position.
Figure 3.7. Experimental results. (a) A 10µm microrobot is controlled using the haptic
interface. (b) The microrobot trajectory, initial, and final position are shown.
3.5.3. Motion tracking
An experiment was carried out using the teleoperation control scheme with the haptic
guidance to track a desired path. In this experiment, the microrobot locations are estimated
using the image processing techniques presented in Sec.3.5.1. Figure 3.8a shows the mi-
crorobot as well as the desired path. An attractive potential field was generated using the
algorithm discussed in Sec.3.4.1. The field is shown in Fig. 3.8b, where the predefined path
is represented as a red line encircled by the attractive potential field. In this experiment,
the operator attempted to follow the path in the presence of haptic guidance, as shown in
Fig. 3.9a. Figure 3.9b shows the haptic forces felt by the operator. As can be seen, when
the microrobot drifted away from the path, the haptic algorithm guided the operator back
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to it.
Figure 3.8. Experimental results. (a) A 10µm microrobot is controlled using the haptic
interface to follow a predefined curved path. (b) The attractive potential field around the
path.
3.5.4. Haptic rendering of the environment
In this section, an experimental test was performed using the teleoperation control scheme
with haptic rendering of the environment as described in Sec. 3.4. With awareness of
obstacle locations, a grid map of the environment was constructed. Figure 3.10a shows a
contour representation of the repulsive field due to an obstacle. Here, the influence range of
the obstacles is 10µm. Since we only have one haptic interface, the operator can only feel
the force acting on a single robot. Thus, in this situation, microrobot (1) is the microrobot
of interest to be tracked and controlled by the operator. Additionally, Fig 3.10a shows the
microrobot (1) and its trajectory as the black circle and blue line, respectively. The obstacle
and its potential field are represented as a red line with contour showing the area of influence
of the obstacle. As can be seen, the microrobot started from an initial location outside the
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Figure 3.9. Experimental results. (a) A predefined curved path and a 10µm microrobot
trajectories. (b) The haptic forces, which displaced to operator.
influence region of the obstacle potential field. As the operator move the microrobot in
the direction of the obstacle, the microrobot entered the influence region, and the operator
started to feel the forces from the haptic device as shown in Fig. 3.10b. The blue and red
lines represent the forces in x and y directions, respectively. The black lines represent the
upper and lower force limits of the Falcon haptic device. Also, as can be seen from Fig.
3.10, the forces are proportional to the distance between the microrobot and the obstacle.
As the microrobot approaches the obstacle, the operator felt stronger forces. Finally, as the
operator moved the microrobot away from the obstacle, smaller forces were experienced until
the microrobot escaped the influence region of the obstacle.
3.6. Validation
For benchmarking purposes, two groups of experiments were carried out. In the first
group, we attempted to move a single microrobot along a predefined path without haptic
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Figure 3.10. Experimental results. (a) Position of the microrobot with respect to the
obstacle. (b) The forces in x and y directions that are obtained using the potential field
algorithm.
guidance. Then, this task was repeated with haptic guidance. At each trial, we were able
to follow the displayed path with minimal error. Two criteria were selected to evaluate the
benchmark process: average path error and completion time. The average path error was
calculated as the mean of the perpendicular distance between the microrobot position and
the path. The completion time was the time period between the time instants the operator
started tracking the path and when the end of path was reached.
The data obtained from these experiments showed significant improvement when adding
the haptic feedback in the system. As can be seen in Fig. 3.11, the average path error was
reduced by a factor of 3, accompanied by a slight decrease in the completion time. The slight
improvement of the completion time was due to the simplicity of the task.
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Figure 3.11. The results of the validation study show that teleoperation with haptics in the
loop is significantly better than with visual feedback only.
3.7. Conclusion
We developed a teleoperation setup for microrobots using a haptic device and magnetic
tweezers. In our setup, the microrobot is virtually linked to the haptic device. Its move-
ments are controlled by the movement of the haptic tool. To improve task performance, the
guidance forces are presented to the operator through the haptic interface for better task
performance. We conducted a basic set of trials where we tracked a straight line segment
using the Falcon device with and without haptic guidance. The trials showed that haptic
guidance significantly improves tracking errors but leads to modest benefits in task com-
pletion time. Future work will aim at improving the teleoperation system in more complex




Inertially Actuated Wheeled Baton Robot
4.1. Introduction
Wheeled locomotion is one of the oldest and most successful inventions of humanity. This
form of locomotion is fast, efficient, and easy to create. Yet, wheeled vehicles have constraints
when traversing rough terrain and maneuvering in tight spaces. On the other hand, natural
creatures do not have wheeled locomotion, mainly because it is impossible to supply blood to
a rotating wheel. Instead, nature’s solution is to use muscles and limbs to generate regular
motions such as walking, running, jumping, galloping, and lateral undulation. Biological
creatures are energetically efficient and maneuverable, and they can avoid obstacles with
ease. These appealing characteristics of biological systems have led many researchers to
mimic biology in developing mobile robots. Yet, most of the resulting systems are limited in
speed and have overly complicated drive mechanisms compared to the human-made wheeled
robots.
The locomotion of robotic systems is addressed in this chapter. Locomotion refers to
the different methods that biological organisms and man-made entities use to navigate in
space ( [20], [3], [74]). In general, many robots that have been developed are inspired by
natural species that “underwent the test” of nature. The most common forms of robotic
gait are snake, quadruped, biped, and several forms of legged locomotion (see [157], [150],
[113], [68]). But, successes of the biological systems may not necessarily represent the best
possibilities for robotic systems. We believe that exploring beyond what nature offers may
lead to significant progressions in robotic locomotion.
The inertia-based system relies on the transfer of momentum to initiate a hop. Such
systems can be observed when a human being can maximize his/her jump by swinging
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his/her arms in a pendulum-like motion. This swing motion enhances the jumping height
by 28%. Several hopping robots utilized pendulum-like motion (see [65, 79, 103]). Self-
energizing springs and two arms are used in [124] to perform vertical jumps of 18 cm.
In [101] have shown that this motion can enhance the jump by 28%. This pendulum-like
motion have been utilized in several designs (see [65, 79, 103, 139, 142]). Okubo et al. [124]
achieved vertical jumps of 18 cm by utilizing self-energizing springs and two arms oscillating
at imposed angular velocities and maximum angles. A similar approach was used in [64] to
build pendulum-type jumping robots, where the robot performed small vertical jumps by
utilizing a two-link machine actuated by a servomotor.
In this chapter, we seek to develop a hybrid robot that is based on wheeled locomotion.
Yet it can also generate a rich set of motion modes. We introduced a simple car-like robot that
is highly agile, extremely maneuverable, energetically efficient, and capable of performing
a variety of locomotive tasks. The design of this robot is challenging because of the robot
should have structurally reliable and a compact design so that it can tolerate repeated
collisions with the ground. Also, Its control action should lead to stable locomotion that can
handle parameter uncertainties and reject disturbances and perturbations.
The motivation of developing the present system comes from previous results reported
in [161,163]. The study revealed that inertial actuation could be used in driving the motion
of baton based locomotion systems. In [186], the authors considered a very simple inertially
actuated locomotion system consisting of two spinning masses connected with a straight
bar (baton). Subsequently, purely inertial actuation was used to guide a “Waddling Robot”
in the horizontal plane [88]. Next, in [90], an adaptive control scheme was developed to
regulate the motion of an inertially actuated hopper, which is restricted to move vertically.
Finally, the theoretical work of the wheeled baton robot was firstly introduced in Kashki’s
dissertation [86]. However, the main focus of this chapter to experimentally verify the
existence of the proposed motion modes.
The rest of this chapter is organized as follows. System description is shown in section
4.2. In Section 4.3, we derive the nonlinear equations of motion of the robot. The motion
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modes are discussed in Section 4.4. In Section 4.5, the nonlinear tracking control method
is presented. In Section 4.6, the experimental setup is developed. The experimental results
are shown in Section 4.7 and the conclusion is presented in Section 4.8.
4.2. System Description
The robot is formed of four identical wheels connected by a rigid link. each wheel can
be actuated independently by an actuator (e.g., motor). Figure 4.1 represents the robot












Figure 4.1. Schematic representation of robot
Here, L is the link length, mb is the mass of the rigid link, and R is the radius of
the wheels. Also, m is the mass of the wheels, M is the mass of actuator (e.g., motor).
Therefore, the system has five degrees of freedom with generalized coordinates vector of
q = [θ, φ1, φ2, xm, ym]
T , where θ is the angle of the link with respect to the positive direction
of x-axis, φ1 and φ2 are the angular position of the wheels with respect to the link, xm and
ym are the horizontal and vertical positions of the center of the link in the inertial reference
frame. The angular positions θ, φ1 and φ2 are measured in the counterclockwise rotational
directions.
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4.3. Equations of Motion
The equations of motion are derived using Lagrange’s method. The robot’s center of



















The robot center of mass and wheels angular velocities are obtained by differentiating the
corresponding position and angular position vectors, respectively. and they are as follows:
v1 = ṙ1,v2 = ṙ2,vG = ṙG
ω1 = φ̇1k,ω2 = φ̇2k,ωb = θ̇k (4.3)
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where, v1, v2 and vG are velocity vectors of wheels’ center and link’s center respectively, ω1,
ω2 and ωb are angular velocity vectors of wheels and the link respectively, and k is the unit
vector along the z-axis. The robot dynamics can be divided into three distinct modes of
motion as follows:
(i) Vehicle Mode (V): Both wheels are in contact with the ground surface. The wheels
may slide while rolling on the surface;
(ii) Wheelie Mode (W): One of the wheels is in the air while another is in contact with the
ground;
(iii) Flight Mode (F): Both wheels are in the air.
Now, the equations of motion can be obtained using the Lagrangian formulation:










j = 1, 2,· · · , nq (4.4)
Where T and V are the kinetic and potential energies, respectively. Also, qj is the jth gen-
eralized coordinate, Qj is the jth generalized force, and nq = 5 is the number of generalized
coordinates. The generalized forces in each mode of motion are defined based on D’Alambert












where, δW is the virtual work, fk’s and Γr’s are the external forces and moments respectively,
and δrk’s and δθr are the virtual displacement and rotation vectors respectively.
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All three motion modes have the same system’s kinetic and potential energy functions:
T = Ktr +Krot (4.6)

















(m+M)(r1 + r2) +mbrG
]
· j (4.9)
Where, Ktr and Krot are translational and rotational kinetic energies respectively, Jw is
the moment of inertia of the wheels about their centroidal axes, Jb is the link’s moment of
inertia about its center of mass, j is the unit vector along the y-axis, “·” is the inner product
operator, and g is the gravitational acceleration. We assume that the wheels and the link











Figure 4.2 shows the general free-body-diagram of the wheeled baton robot. Here, W1 =
W2 = −(m+M)g j and Wb = −mbg j are gravitational forces, c1 and c2 are wheels contact
point with the ground surface, β1 and β2 are the angular positions of the contact points with
respect to vertical axis in counter-clockwise directions. Moreover, the contact point position
angle can be defined as the angle of the tangent line to the road profile at the corresponding
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; i = 1, 2 (4.12)
where, ρ = ρ(x) is the road profile, rci is the corresponding contact point position vector,
and i is the unit vector of the positive direction of the x-axis.
Furthermore, N1 and N2 are normal forces due to unilateral constraints at the contact
points, and f1 and f2 are friction forces based on Coulomb’s model due to rolling/slipping
wheel contacts. The friction and normal forces can be written as:
N1 = N1e
c1
















t , and e
c2
t are the normal and tangent unit vectors at contact points,
respectively. The vc1 and vc2 are velocity vectors of contact points (vci = ṙci), and µ is the
coefficient of Coulomb friction.
In addition, Eq.(4.13) implies that each mode of motion requires two additional constraint
equations that depend on contact conditions. Then, the complete set of equations of motion
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can be formed by using Eqs.(4.4), (4.13), and the two additional constraint equations that
are summarized in Table 4.1.
Table 4.1. Additional constraint equations
Mode of Motion Constraint Equations
Vehicle Mode vc1 · ec1n = 0 ∧ vc2 · ec2n = 0
Wheelie Mode vci · ecin = 0 ∧ Nj = 0; i 6= j = 1, 2
Flight Mode N1 = 0 ∧ N2 = 0
When the wheels collide with the ground, the robot experiences multiple collisions ( [75]
and [23]). The impact problem can be expressed as follows:
ζ̇+ = impact(ζ, ζ̇−)
ζ = [x1, y1, xm, ym, x2, y2, φ1, φ2, θ] (4.14)
where, ζ̇+ is the post-impact velocity vector and ζ and ζ̇− are the position and the pre-impact
velocity vectors respectively. The solution to the impact problem is complex. Such problems
have been addressed in the literature and the reader may refer to [10, 23, 75, 141, 161] for
solution of similar problems.
Finally, the equations for each mode of motion can be written in the following general
form:
H(qi)q̈i + C(qi, q̇i) +G(qi) = Q(qi, q̇i) (4.15)
where, H(qi) is the inertia matrix, C(qi, q̇i) is the Coriolis matrix, G(qi) is gravitational,
and Q(qi, q̇i) is the generalized force matrix. The equations of motion are highly nonlinear
due to the presence of trigonometric functions. Thus, we use Wolfram Mathematica© to
numerically analyze their solutions.
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4.4. Modes of Motion
The transition between different modes of motion of the wheeled baton robot is presented
in [86]. Therefore, we present them briefly in this section. The wheels’ actuation torques
enable the robot to transition between different modes of motion. The mode transition flow
diagram is shown in Figure 4.3. We assume that the robot moves along a horizontal path
to simplify the analysis. In this case, β1 and β2 are zeros. At any instant of time, the robot
dynamics can be described in one of these unique modes.
π ∈ {V,W1,W2, F} (4.16)
Where, π is the mode of motion, V stands for vehicle mode of motion, W1 and W2 denote
wheelie mode with wheel 1 and wheel 2 in contact with the ground surface respectively, and
F means flight mode of motion. We assign a particular mode transition with “πk → πk+1”
where πk is the current mode and πk+1 is the next mode of motion. Only two modes are
considered in this dissertation, vehicle to wheelie and wheelie to vehicle modes. The details
of transition modes can be described as follows:
4.4.1. Vehicle to Wheelie Mode Transition
Based on the assumption that the robot travels along a horizontal path and vehicle mode
constraint, the robot orientation and height are:
θ(t) = 0, ym(t) = R (4.17)





























Figure 4.3. Mode of motion transition flow diagram
Therefore, the vehicle mode of motion transition into wheelie mode when the following torque
combination values are satisfied :
V → W1 : τ1 + τ2 ≤ −τW








where, W1 and W2 are wheelie modes with wheel 1 and wheel 2 is in contact with the ground
respectively, and τW is the minimum required combined torque to transit to wheelie mode
from vehicle mode. Also, Eq.(4.19) implies the system cannot reach flight mode directly from






















Figure 4.4. Torque map for different modes of motion
4.4.2. Wheelie to Vehicle Mode Transition
When the wheel in the air hits the ground, the wheelie mode may involve multiple micro
impacts. Therefore, The transition occurs when the collisions subside, and θ reaches zero.
W1 → V : sin θ = 0 ∧ vc2 · j = 0
W2 → V : sin θ = 0 ∧ vc1 · j = 0 (4.20)
4.5. Control Design
This section addresses the control design for this tracking problem. Here we propose
feedback linearizing variable structure control (VSC) method because of its effectiveness
and robustness in control of nonlinear systems. This is a modified version of the method
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presented in [86,140]. For this purpose, Eq.(4.4) can be rewritten in affine-control form as:
ẋ = f(x) + g(x)τ
y = h(x) (4.21)
where, x = [θ, θ̇, φ1, φ̇1, φ2, φ̇2, xm, ẋm, ym, ẏm]
T is 10×1 state variables vector, y = [y1, y2]T is
2×1 output vector, f is 10×1 drift vector field, g is 10×2 input vector fields, h = [h1, h2]T
is 2×1 output vector field, and τ = [τ1, τ2]T is motor torques.
Assume that rj is the relative degree of the jth output, which is the smallest number of
differentiation such that input appears in the output yj. Then, differentiating the outputs
rj times yields:






















where, u = [τ1, τ2]
T is the control input vector containing the torques applied by the






X Y ) (4.25)
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Applying feedback linearization principle to Eq.(4.22) yields:
u = G(x)−1[−F(x) + v] (4.26)
where, v is the pseudo-input variable. We define the two-dimensional sliding surface as a










; j = 1, 2
e = y − yd (4.27)
where, λ’s are the placed poles of characteristic polynomial (Re(λi) < 0), yd is desired out-




sTs > 0 (4.28)
where, s is the sliding surface vector field. The dynamics of sliding surface functions should
guarantee stable dynamics of e when s approaches to zero, where e = y−yd is the tracking
error vector, and yd is the vector of desired trajectories. The sliding surface can be defined
as:
s = ė+ λ e (4.29)






















Using Eqs. (4.26)-(4.30) yields:








Here, the role of η > 0 is to overcome system uncertainties and un-modeled dynamics and
guarantee the negative definiteness of derivative of the Lyapunov function. Having a positive
definite Lyapunov function and a negative definite derivative ensures the convergence of the
sliding surface s = 0.
4.6. Experimental Setup
An experimental robot is developed to verify the concept of inertial actuation for the
wheeled baton robot. Figure 4.5 shows the CAD and the actual models of the robot. It
is a planar bicycle-like robot and has a four-wheel vehicle structure with large wheels and
compact chassis. The robot has two wheel assemblies. Each assembly consists of two motors,
two encoders, and one motor controller.
In our design, four brushless DC motors are selected to meet the torque requirements
obtained from the numerical analysis. The motor model is D5065-270 KV. Also, an encoder
is mounted on each wheel. Rotary encoders measure the spinning velocity of the wheels. We
choose the CUI AMT102 optical rotary encoder to meet the design and motor requirements.
It provides 8192 counts per revolution in the quadrature mode. The motors were controlled
using the off-the-shelf motor controller, ODrive. It can be used to perform current, velocity,
and position control tasks. In this project, it is used to perform torque-related tasks. It uses
the field-ordinated-control method to regulate the motor torques at a frequency of 10 kHz.
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Figure 4.5. The Wheeled Baton Robot. (a) The actual robot. (b) The CAD model.
Finally, each set of two motors and encoders is integrated through a single ODrive controller.
The wheel-assembly parameters are shown in Table 4.2.
An inertial measurement unit (IMU) is used to measure robot orientation and angular
velocity. We select Xsens MTi-3 AHRS model in our design because it provides high-rate,
accurate measurements. It uses Extended Kalman filtering to provide data rate up to 100 Hz
for body angles and up to 800 Hz for the raw data. In addition, a 6S battery equipped with
a power distribution board (PDB) is used to provide a constant voltage supply to all the
components. Also, a wireless remote controller (RC) is used to send high-level commands
to the robot. Finally, the main core of the control system is implemented on a power-
ful microcontroller. A low-cost and Arduino-compatible Teensy 4.0 from PJRC is selected
because it features real-time capabilities and multi-channel communication. The technical
specifications of Teensy 4.0 are shown in Table 4.3.
In summary, the electrical system of the robot consists of a microcontroller, four mo-
tors (M), two motor controllers (ODrive), an inertial measurement unit (Xsens), a battery,
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Figure 4.6. The Wheeled Baton Robot hardware.
a power distribution board (PDB), and an RC receiver. The electrical system is summa-
rized in Fig. 4.7, the black and green lines represent power and communication flow lines,
respectively. The robot’s physical parameters are listed in Table 4.4.
The control algorithm proposed in Section 4.5 is implemented on the Teensy 4.0 board
using the C++ programing language. The tracking control algorithm is executed with a
frequency of 200 Hz, and the torque control loop is executed on the ODrive board at 10
kHz. The radio RC is used to select the desired mode as well as the desired progression
velocity. Figure 4.8 shows the experimental control block diagram, where the distribution
of the control loops is illustrated. The black and green lines represent the feedforward and
feedback paths, respectively.
The robot control system can be divided into three layers. First, the operator-microcontroller
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Table 4.2. The wheel-assembly parameters
Description Value
Motor mass 0.420 kg
Motor maximum voltage 32 V
Motor max current 65 A
Motor torque 1.99 N.m
Motor velocity 8640 RPM
Encoder type through bore
Encoder resolution 8192 count/rev
Encoder Max speed 7500 RPM
Odrive channels 2
Odrive peak current 120 A per motor
Odrive feedback Encoder and hall sensor
Odrive interface USB, UART, CAN, and PWM
Odrive control feature position, velocity, and torque controls
layer, where the operator sends the high-level command, such as motion mode and desired
progression velocity. Second, the microcontroller-Odrive layer, where the microcontroller
computes the motor torques and sends them to the ODrive. Finally, The ODrive-motor
layer, where the ODrive controls and generates the current to provide the desired torque.
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Figure 4.7. The electrical system diagram.
Table 4.3. Teensy 4.0 specifications
Description Value
CPU ARM Cortex-M7 at 600 MHz
Size 1.4 by 0.7 inch
Pins 40 digital pins, 31 PWM, 14 analog pins, all interrupt capable
Interfaces 2 USB, 7 UART, 3 CAN, 3 I2C, 3 SPI
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Figure 4.8. The control block diagram.
Table 4.4. Robot Physical Parameters
Symbol Description Value
M Mass of each motor 0.42 kg
m Mass of each wheel 0.165 kg
mb Mass of rigid link 1.0 kg
mr The robot total mass 2.4 kg
L Length of main link 30 cm
R Radius of wheels 10 cm
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4.7. Experimental Results
In this section, we present two sets of experiments that were conducted to verify the idea
of this robot. In the first experimental run, we demonstrate the capabilities of the proposed
design to transition between different motion modes. The second set of experiments were
conducted to demonstrate the inverted pendulum locomotion. In each test, the robot is
initially in vehicle mode at rest.
4.7.1. Modes of Motion Transition
In this section, the transition between the motion modes is presented. First, the transition
from vehicle to wheelie mode is demonstrated. The robot is initially at rest in vehicle mode
with a robot angle θ of 185 deg. Then the RC is used to send a signal to initiate the
transition from vehicle to wheelie mode. The robot angle reaches approximately 90 deg in
the wheelie mode. Figure 4.9a shows the time response of the robot angle, and the blue and
red lines represent the desired and robot angles, respectively. The robot position is shown in
Fig. 4.9b.The green line represents the robot’s center trajectory of the robot, and the black
rectangle represents the robot’s body. The black color is the final pose, whereas the gray is
the initial pose of the robot.
The transition is easier in case of the transition from wheelie to vehicle mode because the
robot is going from an unstable to a stable configuration, as shown in 4.10a. Figure 4.10b
depicts the time response of the robot angle. The blue and red lines represent the desired
and robot angles, respectively.
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Figure 4.9. The transition from vehicle to wheelie mode. (a) The time response of the
robot’s angle. (b) The robot’s center trajectory.
Figure 4.10. The transition from wheelie to vehicle mode. (a) The time response of the
robot’s angle. (b) The robot’s center trajectory.
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4.7.2. Inverted Pendulum Locomotion
In this experiment, we have tested the inverted pendulum locomotion pattern on flat and
inclined surfaces. In the two tests, the robot is initially at rest. Then the operator sends the
command to initiate the transition from vehicle to wheelie mode. When the robot enters the
wheelie mode, the operator can define the progression velocity via the RC to perform the
inverted pendulum locomotion pattern.
Figure 4.11 depicts the experimental results of the inverted pendulum locomotion on a
flat surface. The pattern is scheduled as follows. First, the robot starts at rest in vehicle
mode. Then, the robot transitions to wheelie mode in 1 second. Finally, the robot tracks
the desired progression speed. The time response of the robot angle is shown in Fig. 4.11b,
and the blue and red lines represent the desired and robot angle, respectively.
Figure 4.11. The experimental result of the inverted pendulum locomotion pattern on a flat
surface. (a) The Wheelie mode on a flat surface. (b) The time response of the robot angle.
Additionally, the robot is able to balance and perform the same pattern on a 20 deg
inclined surface, as shown in 4.12.The same pattern as in the flat case is scheduled. The
main link angle as a function of time is presented in Fig. 4.12b.
4.7.3. Validation
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Figure 4.12. The Wheelie mode on a 20 deg inclined surface.
In this section, we present a validation test to verify the robustness of the proposed
controller. In this test, an external load of 420 g is attached to the robot body (see Fig.
4.13), thereby changing the robot’s mass, center of gravity, and moment of inertia. The
ratio of the added mass to the robot total mass is about 20%. Also, the controller has no
information about the added mass, the surface friction, normal forces, and contact angles.
Figure 4.14 shows the robot angle during the transition from vehicle to wheelie mode in
the presence of the added uncertainties. As can be seen from the time response, the robot
angle θ has a larger overshoot compared to the case without the added mass. The inverted
pendulum pattern is also demonstrated, with the robot balancing at 100 deg, as shown in
Fig. 4.14b. The equilibrium point is 100 deg instead of 90 deg because the added mass shifts
the center of gravity outward from the robot axis.
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Figure 4.13. The Wheelie mode on a flat surface with large uncertainties in robot mass and
inertia. (a) The front view. (b) The top view.
Figure 4.14. The Wheelie mode on a flat surface with large uncertainties in robot mass




In this chapter, we introduce a wheeled, inertially actuated robot. The proposed system
is described, and different modes of motion of the system are identified. Then, equations of
motion, as well as kinematic constraints of each mode, are derived. We proved mathemati-
cally that each mode of motion could transform into a dynamically well-defined set of modes
of motion. We showed that a wide range of locomotion patterns could be generated using
different transitions of identified locomotion modes. Next, a nonlinear tracking controller is
designed to fulfill the control schedule of modes of locomotion pattern. Finally, we designed
and built an experimental prototype to verify the existence of the locomotion modes. We
demonstrated experimentally that a car-like robot could generate several locomotion modes.
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[16] Bausch, A. R., Möller, W., and Sackmann, E. Measurement of local
viscoelasticity and forces in living cells by magnetic tweezers. Biophysical journal 76,
1 (1999), 573–579.
[17] Bhatti, A., Khan, B., Nahavandi, S., Hanoun, S., and Gao, D. Intuitive
haptics interface with accurate force estimation and reflection at nanoscale. In
Advances in Global Optimization. Springer, 2015, pp. 507–514.
[18] Bi, C., Guix, M., Johnson, B., Jing, W., and Cappelleri, D. Design of
microscale magnetic tumbling robots for locomotion in multiple environments and
complex terrains. Micromachines 9, 2 (2018), 68.
[19] Bi, C., Niedert, E. E., Adam, G., Lambert, E., Solorio, L., Goergen,
C. J., and Cappelleri, D. J. Tumbling magnetic microrobots for biomedical
applications. In 2019 International Conference on Manipulation, Automation and
Robotics at Small Scales (MARSS) (2019), IEEE, pp. 1–6.
[20] Borzova, E., and Hurmuzlu, Y. Passively walking five-link robot. Automatica
40, 4 (2004), 621–629.
[21] Boukhnifer, M., and Ferreira, A. Fault tolerant control of a teleoperated
piezoelectric microgripper. Asian Journal of Control 15, 3 (2013), 888–900.
[22] Bozuyuk, U., Yasa, O., Yasa, I. C., Ceylan, H., Kizilel, S., and Sitti, M.
Light-triggered drug release from 3d-printed magnetic chitosan microswimmers. ACS
nano 12, 9 (2018), 9617–9625.
[23] Brogliato, B. ”Nonsmooth Mechanics: Models, Dynamics and Control”.
Springer-Verlag, 1999.
90
[24] Burdick, J., and Fiorini, P. Minimalist jumping robots for celestial exploration.
The International Journal of Robotics Research 22, 7-8 (2003), 653–674.
[25] Byun, D., Choi, J., Cha, K., Park, J.-o., and Park, S. Swimming microrobot
actuated by two pairs of helmholtz coils system. Mechatronics 21, 1 (2011), 357–364.
[26] Caprari, G., Balmer, P., Piguet, R., and Siegwart, R. The autonomous
micro robot” alice”: a platform for scientific and commercial applications. In
Micromechatronics and Human Science, 1998. MHS’98. Proceedings of the 1998
International Symposium on (1998), IEEE, pp. 231–235.
[27] Caprari, G., Estier, T., and Siegwart, R. Fascination of down scaling-alice
the sugar cube robot. Journal of micromechatronics 1, 3 (2001), 177–189.
[28] Casarez, C., Penskiy, I., and Bergbreiter, S. Using an inertial tail for rapid
turns on a miniature legged robot. In Robotics and Automation (ICRA), 2013 IEEE
International Conference on (2013), IEEE, pp. 5469–5474.
[29] Chan, R. P. M., Stol, K. A., and Halkyard, C. R. Review of modelling and
control of two-wheeled robots. Annual reviews in control 37, 1 (2013), 89–103.
[30] Chan, R. P. M., Stol, K. A., and Halkyard, C. R. Review of modelling and
control of two-wheeled robots. Annual reviews in control 37, 1 (2013), 89–103.
[31] Chang, L., Howdyshell, M., Liao, W.-C., Chiang, C.-L., Gallego-Perez,
D., Yang, Z., Lu, W., Byrd, J. C., Muthusamy, N., Lee, L. J., et al.
Magnetic tweezers-based 3d microchannel electroporation for high-throughput gene
transfection in living cells. Small 11, 15 (2015), 1818–1828.
[32] Cheang, U. K., Dejan, M., Choi, J., and Kim, M. Towards model-based
control of achiral microswimmers. In ASME 2014 Dynamic Systems and Control
Conference (2014), ASME, pp. V002T33A002–V002T33A002.
[33] Cheang, U. K., Kim, H., Milutinović, D., Choi, J., and Kim, M. J.
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